Abstract. We identify the semigroups consisting of bounded composition operators on the Hardy spaces H p (U) of the upper half-plane. We show that any such semigroup is strongly continuous on H p (U) but not uniformly continuous and we identify the infinitesimal generator.
Introduction
Let U = {z ∈ C : Imz > 0} denote the upper half of the complex plane. The Hardy space H p (U), 0 < p < ∞, is the space of analytic functions f : U → C for which
For 1 ≤ p ≤ ∞, the spaces H p (U) are Banach spaces and H 2 (U) is a Hilbert space. Furthermore for f ∈ H p (U), 1 ≤ p < ∞, the limit lim y→0 f (x + iy) exists for almost every x ∈ R and we may define the boundary function on R, again denoted by f , as f (x) = lim y→0 f (x + iy).
This function is p-integrable and
For more details on Hardy spaces see [7] , [11] . Let H(U) denote the space of all analytic functions on U and φ : U → U be analytic. The composition operator induced by φ is defined by
If X is a linear subspace of H(U) which is a Banach space under a norm X we can consider the restriction of C φ on X. The question arises whether C φ acts as a bounded operator on X, that is if f • φ ∈ X for each f ∈ X and if that is the case if f • φ X ≤ C f X for a constant C. We will not consider this question here, but we mention that in contrast to the case of the Hardy spaces of the unit disc, there are self-maps φ of U which do not induce bounded composition operators on the Hardy spaces H p (U). More details for this will be presented in the next section.
Suppose now that {φ t : t ≥ 0} is a one-parameter semigroup under composition of analytic self-maps of U, that is:
(1) φ 0 (z) ≡ z, the identity map of U.
(2) φ t+s = φ t • φ s for t, s ≥ 0. (3) The map (t, z) → φ t (z) is jointly continuous on [0, +∞) × U.
Then the induced maps
T t (f ) = f • φ t form a semigroup of linear transformations on H(U). Semigroups of analytic functions on the half-plane and on the disc was first studied by E. Berkson and H. Porta in [2] , where they also prove the strong continuity of the induced semigroups of composition operators on the Hardy spaces of the disc. Here we are concerned with analogous questions on the Hardy spaces of the half-plane.
Considering {T t } on a H p (U) space we show that if one T t , t > 0 is a bounded operator then all T t are bounded, giving also examples of unbounded semigroups {T t }. Assuming further that 1 ≤ p < ∞ and each T t is bounded on H p (U), we prove the strong continuity of {T t } on H p (U) and identify its infinitesimal generator. A specific semigroup of composition operators was used in [1] to study the Cesàro operator and its adjoint on the Hardy spaces of the half-plane.
Preliminaries

Composition operators on H p (U). Recent results give characterizations of bounded composition operators on H
p (U) spaces in terms of angular derivatives. Next we recall the necessary definitions and tools for them.
Let f : U → C be an analytic function. If f (z) → c, where c ∈ C ∪ {∞}, as z = x + iy → ∞ through any sector T u (∞) = {x + iy ∈ U : |x| < uy}, u > 0, we say that c is the non-tangential limit of f at ∞ and we denote it by
Let φ : U → U be an analytic function. The Julia-Carathéodory theorem for the upper half-plane (see [6, Exercise 2.3.10] ) says that
From this it is clear that the limit
which we call it the angular derivative of φ at ∞, always exists and it belongs to [0, +∞). We consider also the conjugate function ψ of φ on the disc D = {w ∈ C : |w| < 1},
where γ(w) = i z+i , z ∈ U. Similar we denote the non-tangential limit of ψ at ζ ∈ ∂D, if this exists, by
that is the limit of ψ(w) as w → ζ through any sector S a (ζ) = {w ∈ D : |w − ζ| < a(1 − |w|)}, a > 1.
In particular if ψ(1) = 1, we will use the angular derivative of ψ at 1,
which is known (we see it also by Lemma 2.2) that always exists (it may be ∞). 
Conversely let u > 0 and z ∈ T u (∞) with y > 1. Then |x| y < u and it follows that
thus by the above we get that w ∈ S 4(u+1) (1) and the conclusion follows. 
.
In particular, ψ(1) = 1 and
Proof. We have
and furthermore ψ ′ (1) < ∞. Now let 0 < p < ∞ and φ : U → U be analytic. V. Matache ([13, Theorem 15], [12] ) showed that the induced composition operator C φ : 
p . Also an important role in the study of C φ plays the Denjoy-Wolff point of φ. We recall that the Denjoy-Wolff theorem for analytic self-maps of D [6, Th. 2.51] through the map γ asserts that if φ is not the identity or an elliptic automorphism, there is a point d ∈ U = U ∪ R ∪ {∞} such that the sequence of iterates φ n → d uniformly on compact subsets of U. In the case of elliptic automorphism φ has a fixed point d ∈ U. In both cases we call d the DW point of φ. 
2.2.
Semigroups of analytic self-maps of U. Let {φ t : t ≥ 0} be a semigroup of analytic self-maps of U. From [2] , the analytic function G : U → C given by
∂t is the infinitesimal generator of {φ t }, characterizes {φ t } uniquely and satisfies
Suppose {φ t } is not trivial, where {φ t } is called trivial if φ t (z) ≡ z for all t, then it turns out by [2, Theorem 2.6] that all φ t , t > 0, have a common DW point d.
where F : U → C is analytic, F ≡ 0, with ImF ≥ 0 on U, while if d = ∞, then ImG ≥ 0 and G ≡ 0 on U. The trivial semigroup has generator G ≡ 0. Likewise let G be the infinitesimal generator of the conjugate semigroup {ψ t } of {φ t }. Then G(ψ t (w)) = ∂ψt(w) ∂t , w ∈ D, and for each z ∈ U,
∂t .
Hence letting t tends to 0 we get
Proposition 2.4. Let {φ t : t ≥ 0} be a semigroup of analytic self-maps of U with DW point d. Then we can classify {φ t } as follows.
We call h in either (2.5) or (2.6) the associated univalent function of {φ t }.
Proof. The above derived by the corresponding results about the associated univalent function k of the conjugate semigroup {ψ t } shown in [16, p. 234 ] and the observation that b = γ −1 (d) is the corresponding DW point of {ψ t }.
Since by (2.4)
2.3. Composition semigroups on H p (U). Let 0 < p < ∞. Given a semigroup {φ t }, the induced semigroup {T t } of composition operators on H p (U) does not need always to consists of bounded operators, as the following examples shows. However, each T t is bounded with T t ≤ 1 if and only if the DW point of {φ t } is ∞ (Corollary 2.3).
Example 2.5. Consider the family of analytic functions
For each t, φ t (z) = γ(e −t γ −1 (z)), that is ψ t (w) = e −t w, w ∈ D, is the conjugate function of φ t . From this it is clear that each φ t maps U into U and that {φ t } is a semigroup. Also we have that
1 − e −t , t ≥ 0. So for t > 0 we get that ∠ lim z→∞ φ t (z) < ∞, thus φ ′ t (∞) = 0, which implies that each T t , t > 0, is an unbounded operator on H p (U), 0 < p < ∞.
Example 2.6. Consider the family of analytic functions φ t (z) = (z + 1)
For each z ∈ U,
= e e −t log |z+1| Ime
so each φ t maps U into U. Also φ 0 (z) = z and for t, s ≥ 0
thus {φ t } is a semigroup. Now we have that
Thus φ ′ t (∞) = 0 for t > 0 and so each T t , t > 0, is an unbounded operator on H p (U), 0 < p < ∞. T
Proof. We saw in ( 
for each t and the conclusion follows.
Moreover the property that {T t } consists of bounded operators depends on the behavior of the infinitesimal generator G(z) of {φ t } as z → ∞ non-tangentially. Theorem 2.8. Let {φ t : t ≥ 0} be a semigroup of analytic self-maps of U with infinitesimal generator G and 0 < p < ∞. Then the following are equivalent:
(1) Each composition operator
exists finitely. 1−w , where G is the generator of the conjugate semigroup {ψ t }. As we shown in relation (2.4),
Moreover if one of the above assertions holds, then
From this and Lemma 2.1
and the equivalence follows. Moreover then [4, Theorem 1] implies that δ ∈ R and that ψ
. Suppose now δ exists finitely. Then we can write
Fix z ∈ U. If r is small enough that {z + re iθ : 0 ≤ θ ≤ 2π} lies in U, then by the Cauchy integral formula we have
We show that the last integral tends to zero as z → ∞ non-tangentially, thus ∠ lim z→∞ G ′ (z) = δ. Fix a non-tangential sector T u (∞), u > 0 and let a sequence z n → ∞ through T u (∞). For each n choose r n to be the distance of z n to the boundary of T 2u (∞). It follows from (2.8) that there is M > 0 such that h(z n + r n e iθ ) z n + r n e iθ < M, for all n and θ. Furthermore, let ω be the smallest angle made by the boundary lines of T u (∞) and T 2u (∞), then rn |zn| > sin ω > 0 for each n and so z n + r n e iθ r n e iθ < |z n | r n + 1 < 1 sin ω + 1.
Therefore an application of Lebesgue's dominated convergence theorem and (2.8) gives that G ′ (z n ) → δ. Since u and {z n } are arbitrary our conclusion follows. Conversely suppose ∠ lim z→∞ G ′ (z) exists finitely. Fix u > 0 and let z n → ∞ through the sector T u (∞). We can suppose that Imz n > 1 for each n and we can write
for all n and applying Lebesgue's dominated convergence theorem we get
Since u and {z n } are arbitrary we get that ∠ lim z→∞
Strong continuity and infinitesimal generator
Throughout this section {φ t } is a semigroup which induces a semigroup {T t } of bounded composition operators on H p (U) spaces.
Proof. Choosing a logarithmic branch we have
Reλ log |z+i|−Imλ arg(z+i)
for each z ∈ U and we can find constants c, c ′ > 0 such that
Thus we can suppose that λ is real. Then
The last integral is convergent if and only if − The growth condition of H p (U) functions in the following lemma is known, see for instance [7, p. 188] , [11, p. 53 ]. Here we find the best possible constant.
where the constant 1 4π is the best possible. Proof. We examine first the case p = 2. We consider a point z ∈ U and we recall that the H 2 (U) function
where the pairing is the inner product of H 2 (U). From this
is the best possible constant for this inequality. Theorem 3.3. Suppose 1 ≤ p < ∞ and let {φ t } be a semigroup of analytic selfmaps of U which induces a semigroup {T t } of bounded composition operators on
and is given by
Proof.
(1) For the strong continuity we need to show
Since the set of H p (U) functions that are continuous on U ∪ R, denoted by A p (U), is dense in H p (U) (see [11, Corollary 3.3] ), for arbitrary ǫ > 0 we can find g ∈ A p (U) such that f − g p < ǫ. Then
and further by Theorem 2.7 follows that
Therefore, since φ
p as a function of t is uniformly bounded on bounded intervals of [0, +∞), we see that it suffices to show that for each g ∈ A p (U)
By way of contradiction, suppose there is a function g ∈ A p (U) and a sequence {t n } of values of t such that t n → 0 as n → ∞ and g • φ tn − g We will show first that there is a subsequence {t n k } such that (3.2) g(φ tn k (x)) → g(x) almost everywhere on R.
To do this we consider the H 2 (U) function h(z) = π and we will show that h • φ tn − h 2 → 0. If this is true, then h • φ tn → h in measure on R and thus there is a subsequence {t n k } such that h(φ tn k (x)) → h(x) almost everywhere on R (see for instance [17, Ex. 9, p . 85]), from which φ tn k (x) → x, a. e. on R.
Hence, since g is continuous on U ∪ R, (3.2) follows. Now to show that h • φ tn − h 2 → 0 we use the parallelogram law which asserts that h • φ tn − h 
